INTRODUCTION
Rapid spacecraft reorientation often drives design engineers to consider Control Moment Gyroscopes (CMGs). CMGs are momentum exchange devices that exhibit extreme torque magnification (i.e. for a small amount of torque input to the CMG gimbal motors, a large resultant output torque is achieved). (Fig. 2) .
The approach taken by the author is to first optimize the 3/4 skewed array geometry itself by choosing the skew angle that provides the greatest singularity-free momentum. At this "optimal singularity-free" skew angle, the 3/4 CMG array can operate at momentum values less than the singularityfree threshold without any kind of singularity avoidance scheme. Further, utilization of mixed skew angles can rotate the workspace to maximize momentum in a preferred direction, again singularity-free. Yaw is the preferred direction in this study. A direct comparison with the traditional "optimal spherical" skew angle will demonstrate the dramatic improvement in torque capability of the CMG array. Analytical derivation is followed by heuristic, geometric analysis, then validation via experimentation on a realistic spacecraft simulator in ground tests. _ t r ' _ l I @ i 1 ; t K ' ' \ e I . S a M S E X 4 5 . ' x x P o s o t_g_P_P-..r f ii;t is55Sexhis
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X°X h s -P -P U 2 _ 0 v point and gradually converge into each other as skew angle increases to ninety degrees. Fewer singular surfaces is obviously beneficial, but the vacancy of the center of the momentum space is marvelous. Furthermore, the singularityfree momentum space can be rotated via mixed skew angles to emphasize a preferred axis of rotation.
VI. MIXED SKEW ANGLES
Typically, skewed CMG arrays utilize identical skew angles for each CMG (fi=3). By using mixed skew angles, the singularity-free "football" shaped space can be reoriented to place the maximum momentum direction in the yaw direction. Six possible momentum reorientations are possible by laying down momentum planes from ninety degrees to zero degrees as listed in Fig. 8 resulting in rotations of the momentum space depicted respectively in Fig. 9 . 900 900 00 00 00 900 00 900 00 900 00 00 The typical design methodology might use the shape of the 3H outer momentum surface {+++} & {---} to define f=54.73 as the "optimal spherical" momentum skew angle. The attitude control engineer would be left with the daunting task of maneuvering in this crowded momentum space while trying to avoid any point on he singular hypersurface. Striking a singular point results in (at least temporary) loss of attitude control. Also note the maximum momentum capability is less than 3H. Per Fig. 3 , the maximum singularity-free momentum capability using f=54.730 is 0.154868. If the skew angle were increased to ninety degrees, singularity-free momentum would be increased 646% to 1 
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45th IEEE CDC, San Diego, USA, Dec. [13] [14] [15] 2006 Notice that three options for mixed skew angles result in the original momentum space rotated about z such thatx <-* y, while two other options generate spherical momentum space filled with significant internal singularities. Notice the center of the momentum space is clogged with singular surfaces such that those two figures are blackened in the center. Our difficulty seeing the center is indicative of difficulties steering a momentum vector through that space without striking a singular surface for those two mixed skew angle combinations.
One successful reorientation {3132433}}{900,00,900} iS accomplished by simply sliding the second CMG from 900 to 00 resulting in yaw momentum maximization with the familiar internal singularity structure. Fig. 10 depicts a 3/4 CMG array skewed at mixed skew angles I=900, f2=°0, 3=900°CMG trajectories typically begin from zero momentum states and {01, 02, 03}={0,0,0} is obviously one such state. Trajectories originating at {01, 02, 03}1{0,0,0} have 1H spherical momentum capability and 2H momentum capability about yaw (i) singularity-free. Momentum trajectories that are initiated from points near (0,0,2) can traverse to (0,0,-2) resulting in -4H being stored in the CMG array producing +4H momentum imparted to the spacecraft about yaw singularity free.
increased to ninety degrees for all three CMGs, and the identical experiment was repeated. Notice in Fig. 11 that the maneuver is performed and the testbed is regulated for 5 minutes without striking any singular surfaces. Momentum magnitude and the inverse of the condition of the [A] matrix verify this assertion.
Notice what happens when the same momentum trajectory is placed in the context of the theoretical singular momentum space of the "optimal spherical" skew angle, f=54.730 (Fig.   12 ). The internal singular surfaces are depicted individually for ease of visualization. This momentum trajectory is constantly close to the internal singular surfaces and quickly strikes a singular surface. A corresponding singular surface exists for a skew angle of 570. Prior experiments using 570 went singular and resulted in the loss of attitude control when the nromentum trajectory struck this corresponding singular surface. 
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VII. EXPERIMENTAL VERIFICATION
Experimental verification is performed to demonstrate singularity free operations. A +50 degree yaw maneuver in 4 seconds is followed by a -50 yaw maneuver in 4 seconds. The attitude is then regulated to zero while the CMG continues to output significant torque to counter dramatic gravity gradient disturbances typical of imbalanced ground test spacecraft simulators. This maneuver has been previously performed using a skew angle of 57 degrees (not depicted). The CMG array became singular and attitude control was lost motivating this study. Skew angle was 1555
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Next, experiments were performed with mixed skew angles to orient the maximum momentum capability about the yaw axis as seen in Fig, 13 & Fig. 14 . The maneuvers were increased 160% in the same duration from 50 to 13°in only 4 seconds. This demands significantly more momentum change specifically about yaw. The momentum is achieved singularity free and maneuver is performed without incident. The method is derived analytically and heuristically then experimentally verified. A 3/4 CMG array with mixed skew angles is capable of far superior performance than the commonplace 4 CMG pyramid skewed at 54.730. It has the advantage of utilizing the same hardware geometry, thus attitude control engineers can duplicate these dramatic performance improvements simply by turning off one CMG and rotating he skew angles. With these alterations, no algorithm changes are required. As a matter of fact, the simple minimum 11211-norm pseudoinverse matrix inversion may be used without any kind of singularity-avoidance scheme within the bounds of the singularity-free momentum space. WeIP3.7 
